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On the conservation of the Jacobi integral in the post -
Newtonian circular restricted three-body problem
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Abstract In the present paper, using the first-order
approximation of the n-body Lagrangian (derived on
the basis of the post-Newtonian gravitational theory
of Einstein, Infeld, and Hoffman), we explicitly write
down the equations of motion for the planar circu-
lar restricted three-body problem. Additionally, with
some simplified assumptions, we obtain two formu-
las for estimating the values of the mass-distance and
velocity-speed of light ratios appropriate for a given
post-Newtonian approximation. We show that the for-
mulas derived in the present study, lead to a good
numerical conservation of the Jacobi constant and al-
low for an approximate equivalence between the La-
grangian and Hamiltonian approaches at the same post-
Newtonian order. Accordingly, the dynamics of the sys-
tem is analyzed in terms of the Poincar sections method
and Lyapunov exponents, finding that for specific val-
ues of the Jacobi constant the dynamics can be either
chaotic or regular. Our results suggest that the chaotic-
ity of the post-Newtonian system is slightly in- creased
in comparison with its Newtonian counterpart.
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1 Introduction
The circular restricted three-body problem (CR3BP)
describes the gravitational interaction between three
masses, in which two primaries m1 and m2 are mov-
ing in circular orbits around their common center of
mass, while a third body m whose mass is very small
compared to the others, moves in the plane of the pri-
maries. Many studies have been carried out for the
Newtonian CR3BP (Marchal 2012). In particular, the
stability of the Lagrangian points has attracted the at-
tention of many researchers (Celletti & Giorgilli 1990;
Bombardelli & Pela´ez 2011; Salazar et al. 2012), due
to the possible applications to different astronomical
systems (Musielak & Quarles 2014): Earth-Moon sys-
tem with a spacecraft, Sun-Earth-Moon system, Sun-
Jupiter system with an asteroid, Binary stellar systems
with exoplanets, among others. Concerning dynamical
studies, Gonczi and Froeschle´, by using the Lyapunov
characteristic numbers (Gonczi 1981) and surfaces of
section (Froeschle´ 1970), respectively, have shown that
the Newtonian CR3BP is chaotic.
To account for relativistic effects on motions of as-
tronomical bodies, Krefetz extended the investigation
of the CR3BP to General relativity (Krefetz 1967). In-
stead of solving the full Einstein equations, he used the
Einstein-Infeld-Hoffmann (EIH) theory (Einstein et al.
1938) at the first post-Newtonian approximation (1-
PN), to calculate the equations of motion in a synodic
frame of reference. An alternative derivation of these
equations for the general and restricted three-body
problem was performed by Brumberg (1972), who in-
troduced a new parameter n denoting the mean motion
of the primaries. Many years later, Maindl and Dvorak
re-derived the equations of motion of the test particle
m and applied its results to the computation of the ad-
vance of Mercury perihelion (Maindl & Dvorak 1994).
It is important to note that despite the fact that all the
2three different approaches used the EIH formalism up
to 1-PN order, do not lead to the same set of equations,
mainly due to the introduction of different relativistic
parameters. The question of the equivalence (or not)
of the Lagrangian and Hamiltonian approaches at the
same post- Newtonian (PN) order is also a topic of cur-
rent interest. The equivalence between both approaches
was shown in Damour et al. (2001), Damour et al.
(2002), de Andrade et al. (2001) and Levi & Steinhoff
(2014). However, different claims exist in Wu et al.
(2015), Wu & Huang (2015), Wang & Huang (2015),
Chen & Wu (2016) and Huang et al. (2016), stating
that such differences are owed to the truncation of
higher-order PN terms.
The study of the dynamics in the post-Newtonian
restricted three body problem is very recent. In 2014
Huang and Wu studied the effects on the dynamics of
the distance between the primaries by applying scaling
transformations to distance and time. To do so, the au-
thors used the equations derived by Maindl & Dvorak
(1994), including the modified angular speed outlined
by Contopoulos (1976) for the 1-PN circular two-body
problem. As we will show in the present paper, the
use of the Maindl’s equations in canonical units with
the choice c = 1 is not adequate to perform dynami-
cal studies, due to the non-conservation of the Jacobi
constant. Taking into account the previous arguments,
in this paper we find an alternative system of equa-
tions of motion for the planar CR3BP using the EIH
formalism up to 1-PN order. Two formulas for the de-
termination of appropriate values of the mass-distance
and velocity-speed of light ratios in a general n-th order
post-Newtonian approximation are derived, suggesting
that in canonical units a suitable value of c should be
of the order 104. Under these conditions, we show that
the Jacobi constant is conserved to a good numerical
approximation and additionally, the 1PN Lagrangian
and Hamiltonian approaches are equivalent.
The paper is organized as follows: in section 2, we
consider the Lagrangian for n-bodies in the first-order
post-Newtonian approximation and derive the equa-
tions of motion for a test particle in the planar cir-
cular restricted three-body problem. The region of va-
lidity of the PN approximations is discussed in section
3. The comparison of the Lagrangian and Hamilto-
nian approaches is carried out in section 4. In section
5, we compare the conservation of the Jacobi integral
obtained with three different approaches: the one pre-
sented in this work, the one derived by Maindl and
the used by Huang and Wu. Additionally, a dynamical
analysis in terms of the Poincare´ surfaces of section and
Lyapunov exponents is performed. Finally, in section 6
we summarize our main conclusions.
2 Post-Newtonian equations of motion
The first-order post-Newtonian equations of motion for
an n-body system interacting with each other gravi-
tationally were first obtained by Einstein et al. (1938)
and independently by Eddington & Clark (1938). The
Lagrangian associated with these equations of motion
reads as (Landau 2013),
L =
n∑
i=1
miv
2
i
2

1 + 3 n∑
j 6=i
Gmj
c2rij

+ n∑
i=1
miv
4
i
8c2
−
n∑
i=1
n∑
j 6=i
Gmimj
4c2rij
[7vi · vj + (vi · nij)(vj · nij)]
−
n∑
i=1
n∑
j 6=i
n∑
k 6=i
G2mimjmk
2c2rijrik
+
n∑
i=1
n∑
j 6=i
Gmimj
2rij
,
+O(c−4), (1)
with vi = dri/dt, rij = |ri−rj | and nij = (ri−rj)/|ri−
rj |.
When considering the Lagrangian of a single particle
with mass m, at position r, with velocity u, in the
gravitational field of two other bodies at positions ri
with respective velocities vi, the expression (1) can be
rewritten as (Chandrasekhar & Contopoulos 1967)
L =
mu2
2
+
mu4
8c2
+Gm
2∑
i=1
mi
|r− ri|
−
G2m
2c2
×
(
2∑
i=1
mi
|r− ri|
)2
−
Gm
2c2
2∑
i=1
mi
|r− ri|
[
7 (u · vi)
+ (ni · u) (ni · vi)− 3
(
u2 + v2i
)
+ 2G
2∑
j 6=i
mj
|ri − rj |
]
+O(c−4), (2)
with ni = (r− ri)/|r− ri|.
The planar circular restricted three-body problem
(henceforth PCR3BP) is a special case of the La-
grangian (2), in which the primaries m1 and m2 move
in circular orbits around their common center of mass
at a fixed distance a. Under these considerations and
introducing a synodic frame of reference through the
transformations,
r = {x cosωt− y sinωt, x sinωt+ y cosωt},
u = {(x˙− ωy) cosωt− (y˙ + ωx) sinωt,
(y˙ + ωx) cosωt+ (x˙− ωy) sinωt},
ri = {xi cosωt, xi sinωt},
vi = {−ωxi sinωt, ωxi cosωt},
3with i = 1, 2 and ω the angular velocity of the pri-
maries, the Lagrangian (2) of the third particle (cf.
Maindl & Dvorak (1994); Huang & Wu (2014)) can be
reduced to
L
m
= LN +
1
c2
LR, (3)
with LN the Newtonian Lagrangian and LR the rela-
tivistic 1-PN contribution, i.e.
LN =
1
2
Ω2 +G
(
m1
d1
+
m2
d2
)
, (4)
LR = −G
2
[
m1m2
a
(
1
d1
+
1
d2
)
+
1
2
(
m1
d1
+
m2
d2
)2]
+
1
8
Ω4 +
G
2
{
3
(
m1
d1
+
m2
d2
)
Ω2 − 7ω(y˙ + ωx)
×
(
m1x1
d1
+
m2x2
d2
)
+ 3ω2
(
m1x
2
1
d1
+
m2x
2
2
d2
)
− ωy (x˙− ωy)
[
m1x1 (x− x1)
d31
+
m2x2 (x− x2)
d32
]
− ωy2(y˙ + ωx)
(
m1x1
d31
+
m2x2
d32
)}
, (5)
where Ω2 = U2 + 2Aω + R2ω2, d21 = (x− x1)
2 +
y2, d22 = (x− x2)
2 + y2, U2 = x˙2 + y˙2, A = y˙x − x˙y
and R2 = x2 + y2. Here, xi denotes the fixed position
of the primary mi in the synodic frame of reference.
The corresponding angular velocity up to the 1-PN-
approximation was calculated by Contopoulos (1976)
and reads as
ω2 =
G(m1 +m2)
a3
{
1 +
G
[
m1m2 − 3(m1 +m2)
2
]
ac2(m1 +m2)
}
.
(6)
In analogy with the Newtonian case, the Post-
Newtonian Jacobi integral (or the so called Jacobi
constant) can be derived from the energy function h
(Contopoulos 2013), that is, the energy function h is
generated by the Legendre transformation
h =
2∑
i=1
piq˙i − L(qi, q˙i), (7)
with generalized momenta
pi =
∂L
∂q˙i
, (8)
thus, we may define the Jacobi constant as
−J = h =
2∑
i=1
q˙i
∂L
∂q˙i
− L(qi, q˙i). (9)
Taking into account that the Hamiltonian H is con-
structed in the same manner as h, but they are func-
tions of different variables, the energy function can be
written in terms of positions and momenta so that in
our setting, the Jacobi constant and the Hamiltonian
satisfy the relation
J = −H. (10)
Under this condition, the Jacobi constant becomes the
only known conserved quantity dJ/dt = {J,H} = 0,
due to the absence of cyclic coordinates.1
Therefore, taking into account the equation for the
angular velocity (6), substituting (3) into (9) and keep-
ing terms up to the order 1/c2, we get
J = G
(
m1
d1
+
m2
d2
)
+
1
2
(
R2ω20 − U
2
)
+
1
c2
{
R4ω40
8
−
3U4
8
−
R2ω20U
2
4
−AU2ω0 + ω
2
0ω1R
2 −
A2ω20
2
−
3
2
G
(
m1
d1
+
m2
d2
)(
U2 −R2ω20
)
+
3
2
Gω20
×
(
m1x
2
1
d1
+
m2x
2
2
d2
)
−
7
2
Gxω20
(
m1x1
d1
+
m2x2
d2
)
−
Gy2ω20
2
(
m1x
2
1
d31
+
m2x
2
2
d32
)
−
G2
2
(
m1
d1
+
m2
d2
)2
− G2
m1m2
a
(
1
d1
+
1
d2
)}
, (11)
where ω1 = G
[
m1m2 − 3(m1 +m2)
2
]
/2a(m1 + m2)
and ω20 = G(m1 + m2)/a
3. Eq. (11) coincides ex-
actly with the expression obtained by Maindl & Dvorak
(1994).
The equations of motion for the test particle in the
PCR3BP can be calculated from the Lagrangian (3),
with the aid of the Euler-Lagrange equations,
d
dt
(
∂L
∂q˙i
)
−
∂L
∂qi
= 0. (12)
From Eqs. (3-6), (12), and neglecting terms higher than
1/c2, we get a system of two equations of the form
f(x, y, x˙, y˙) + x¨C1x(x, y, x˙, y˙) + y¨C2x(x, y, x˙, y˙) = 0,
g(x, y, x˙, y˙) + x¨C1y(x, y, x˙, y˙) + y¨C2y(x, y, x˙, y˙) = 0,
with C2x(x, y, x˙, y˙) = C1y(x, y, x˙, y˙), whose solutions
are
x¨(C21y − C1xC2y) = C2yf − C1yg, (13)
y¨(C21y − C1xC2y) = C1xg − C1yf. (14)
1In the Newtonian limit 1/c2 → 0, J = ωL−E, with E the total
energy and L the angular momentum.
4Substituting the corresponding expressions for C1x,
C1y , C2y, f and g, and again neglecting terms higher
that 1/c2 in (13) and (14), the resulting equations of
motion can be explicitly written as[
1 +
2Ω2
c2
+
6G
c2
(
m1
d1
+
m2
d2
)]
x¨ =
(
x¨c +
x¨r
c2
)
(15)[
1 +
2Ω2
c2
+
6G
c2
(
m1
d1
+
m2
d2
)]
y¨ =
(
y¨c +
y¨r
c2
)
(16)
where x¨c, y¨c, x¨r and y¨r are given by the following ex-
pressions
x¨c = x+ 2y˙ −G
[
m1(x− x1)
d31
+
m2(x − x2)
d32
]
, (17)
y¨c = y − 2x˙−Gy
(
m1
d31
+
m2
d32
)
, (18)
x¨r = 2 (x+ y˙)ω1 + 2(x+ 2y˙)
[
(x˙− y)
2
+ (x+ y˙)
2
]
+ G2
[
m21(x− x1)
d41
+
m22(x− x2)
d42
+
m1m2
a
×
(
x− x1
d31
+
x− x2
d32
)
+
m1m2
d1d2
(
x− x1
d21
+
x− x2
d22
)
− 3
(
m1
d1
+
m2
d2
)(
m21(x− x1)
d31
+
m22(x− x2)
d32
)]
+G
[
−
7
2
(
m1x1
d1
+
m2x2
d2
)
+ 5x
(
m1(x− x1)x1
d31
+
m2(x − x2)x2
d32
)
−
3
2
(
m1(x
3 − x31)
d31
+
m2(x
3 − x32)
d32
)
+
3
2
(
m1(x− x1)x
2
1
d51
+
m2(x− x2)x
2
2
d52
)
y2
+
(
m1(x− x1)
d31
+
m2(x− x2)
d32
)
×
(
(x˙− y)(x˙ + 2y)−
3
2
(x2 + 2xy˙ + 2y˙2)
)
+ 7x
(
m1x1
d31
+
m2x2
d32
)
y˙ − 4
(
m1x
2
1
d31
+
m2x
2
2
d32
)
y˙
+ 6
(
m1
d1
+
m2
d2
)
(x+ 2y˙) +
(
m1
d31
+
m2
d32
)
×
(
x(x˙ − y)y − 3x2y˙ + 4(x˙− y)yy˙
) ]
, (19)
y¨r = 2(y − x˙)ω1 − 2(2x˙− y)
(
(x˙ − y)2 + (y˙ + x)2
)
+ G2
[
m1m2y
a
(
1
d31
+
1
d32
)
− 2
(
m1
d31
+
m2
d32
)
×
(
m1
d1
+
m2
d2
)
y
]
+G
[
− 6
(
m1
d1
+
m2
d2
)
× (2x˙− y) +
1
2
(
m1x
2
1
d31
+
m2x
2
2
d32
)
(8x˙− 5y)
+
3
2
(
m1x
2
1
d51
+
m2x
2
2
d52
)
y3 +
7
2
x
(
m1x1
d31
+
m2x2
d32
)
× (y − 2x˙) +
(
m1(x− x1)
d31
+
m2(x− x2)
d32
)
× (x(x˙ − y) + (4x˙− y)y˙) +
(
m1
d31
+
m2
d32
)
× (x2(3x˙− 2y)− xyy˙ + y(y˙2 − 3(x˙− y)2))
]
.(20)
Some important points should be noted in relation
to the above equations:
(i) In the non-relativistic limit 1/c2 → 0, the equations
of motion reduce to their Newtonian expressions.
(ii) The equations of motion are consistent with the 1-
PN-approximation.
(iii) Equations (15) and (16) do not coincide with the
ones derived by Maindl & Dvorak (1994) and used by
Huang & Wu (2014).
(iv) Due to the approximations carried out in Eqs. (15)
and (16), the Jacobi constant is not exactly but approx-
imately conserved2 (see Section 5).
For simplicity, in all that follows we shall use the
canonical units introduced by Szebehely (1967) for the
normalization of constants in the CR3BP, that is
Gm1 = 1− µ, Gm2 = µ, x1 = −µ, x2 = 1− µ,
where µ = m2/(m1 +m2) ∈ [0, 1/2]. With this choice
of units a = 1, and the angular velocity (6) reduces to
ω = 1 +
µ(1− µ)− 3
2c2
. (21)
3 Region of validity of the PN approximations
In this section, we propose a general criterion for the de-
termination of approximate values of the mass-distance
and velocity-speed of light ratios, which indicate the
post-Newtonian approximation that should be appro-
priate according to the quotient.
For a binary system with masses m1 and m2, sepa-
rated at a distance R, with mean orbital velocity v, it
can be shown that relative to G(m1+m2)/(c
2R) is the
2A similar result about the nonequivalence of PN Lagrangian
and Hamiltonian approaches at the same order was discussed in
Wu et al. (2015) and Wu & Huang (2015).
5order of (v/c)2 (Blanchet 2014),
(v
c
)2n
∝
(
GM
c2R
)n
, (22)
where M = m1 + m2 is the total mass of the system
and n determines the post-Newtonian order to be con-
sidered. In the new system of units established by the
Szebehely’s definitions, the left-hand side of Eq. (22) is
related to the ratioM/R as
(v
c
)2n
∝ 1× 10−8n
(
M
R
)n
, (23)
where M is measured in solar masses and R in astro-
nomical units.
Now, let us impose the following criterion: The ve-
locities ratio of the n-th PN-approximation becomes
numerically negligible, i.e. of the order of the double
machine precision 1 × 10−16, when this ratio is raised
to the power of 2. Under this condition and from (23)
we get
M
R
∝ 1× 108(n−1)/n, (24)
and hence the velocities ratio reads as
v
c
∝ 1× 10−4/n. (25)
For the particular case n = 1, considered in the
present paper, and in accordance with Maindl & Dvorak
(1994), from Eq. (24) the quotient M divided by R is
of the order 1 and from Eq. (25) the quotient of the
orbital velocity v to the speed of light c is of the order
10−4, then we may say that when considering general
relativistic corrections, the 1-PN approximation can ap-
propriately be used to model binary systems composed
by sun-planet couples of the solar system (see Table 1)
or binaries with masses around 1 solar mass orbiting
at a distance of 1 AU. In table 2 we present the ap-
proximate range of validity of each PN-approximation
in terms of the numerical values of M/R and v/c for
different values of n.
It is important to note that the numerical values of
the v/c ratios presented in table 2, calculated with the
aid of Eq. (25) are non-dimensional and hence inde-
pendent of the system of units used.
As shown in table 2, the main relativistic effects in
the Solar system are (v/c)2, which has an order of 10−8.
Additionally, the column 4 in table 1 corresponds to the
value of c, 104. This value can also be derived in another
path. G∗M = 4pi2 AU3/yr2 and c∗ = 299792458 m/s
=6.31× 104AU/yr (see also Klacˇka & Kocifaj (2008)).
IfM = 1, then G∗ = 4pi2. We have G∗/c∗2 = 0.9915×
10−8 ≈ 10−8. However, the gravitational constant G =
Table 1 M/R, v/c and (M/R)1/2 ÷ (v/c) ratios for each
Sun-planet couple, with M expressed in solar masses and
R in astronomical units.
System M/R v/c (M/R)1/2 ÷ (v/c)
Mercury 2.58 1.58×10−4 1.02×104
Venus 1.38 1.16×10−4 1.01×104
Earth 1.00 0.99×10−4 1.01×104
Mars 0.66 0.80×10−4 1.01×104
Jupiter 0.19 0.44×10−4 1.00×104
Saturn 0.10 0.32×10−4 0.99×104
Uranus 0.05 0.23×10−4 1.01×104
Neptune 0.03 0.18×10−4 1.01×104
Table 2 M/R and v/c ratios calculated from Eqs. (24)
and (25) respectively, for different values of n.
PN-order Approximation M/R v/c
n = 0 Newtonian 0 0
n = 1 1-PN 1 1× 10−4
n = 2 2-PN 1× 104 1× 10−2
n = 3 3-PN 1× 105 5× 10−2
n = 4 4-PN 1× 106 1× 10−1
...
...
...
...
n =∞ Gen. Rel. 1× 108 1
1 in the system of units established in this paper. In
this case, the gravitational constant must be scaled as
G∗ = 4pi2 → G = 1. The speed of light should also be
readjusted by c∗ = 6.31×104 → c. That is, the term in
the brackets in the right side of Eq. (22) is readjusted as
4pi2/c∗2 → G/c2. Thus, we have the readjusted speed
of light c = c∗/(2pi) ≈ 104.
4 Equivalence between the 1PN Lagrangian
and Hamiltonian approaches
As noted in the introduction, the equivalence of the
PN Lagrangian and Hamiltonian approaches is a topic
of current debate. To provide further insight into this
issue, here we shall compare the 1-PN Lagrangian equa-
tions of motion for the PCR3BP and the corresponding
Hamiltonian equations of motion. To do so, let us start
by considering the Lagrangian (3) in terms of the New-
tonian (ω0) and Post-Newtonian (ω1) components of
the angular velocity, which reads as
L =
1
2
Ω20 +G
(
m1
d1
+
m2
d2
)
+
1
c2
{
(xy˙ − x˙y)ω0ω1
−G2
[
m1m2
a
(
1
d1
+
1
d2
)
+
1
2
(
m1
d1
+
m2
d2
)2]
6+
1
8
Ω40 +
G
2
[
3
(
m1
d1
+
m2
d2
)
Ω20 − 7ω0(y˙ + ω0x)
×
(
m1x1
d1
+
m2x2
d2
)
+ 3ω20
(
m1x
2
1
d1
+
m2x
2
2
d2
)
− ω0y (x˙− ω0y)
[
m1x1 (x− x1)
d31
+
m2x2 (x− x2)
d32
]
− ω0y
2(y˙ + ω0x)
(
m1x1
d31
+
m2x2
d32
)
+ ω20ω1(x
2 + y2)
]}
, (26)
with Ω20 = x˙
2+ y˙2+
(
x2 + y2
)
ω20+2(xy˙− x˙y)ω0. From
(8) and the Lagrangian (26), the components of the
generalized momentum are given by
px = x˙− yω0 +
1
c2
{
1
2
(x˙− yω0)(x˙
2 + y˙2 +
(
x2 + y2
)
ω20
+ 2(xy˙ − x˙y)ω0) +
G
2
[
6
(
m1
d1
+
m2
d2
)
(x˙− yω0)
−
[
m1x1 (x− x1)
d31
+
m2x2 (x− x2)
d32
]
yω0
]
− yω0ω1
}
(27)
and
py = y˙ + xω0 +
1
c2
{
1
2
(y˙ + xω0)(x˙
2 + y˙2 +
(
x2 + y2
)
ω20
+ 2(xy˙ − x˙y)ω0) +
G
2
[
6
(
m1
d1
+
m2
d2
)
(y˙ + xω0)
− 7
(
m1x1
d1
+
m2x2
d2
)
ω0 −
(
m1x1
d31
+
m2x2
d32
)
y2ω0
]
+ xω0ω1
}
. (28)
Then, by solving equations (27) and (28) for x˙ and y˙,
and truncating higher-order PN terms, we get
x˙ = px + yω0 +
1
c2
{
yω0ω1 − 3Gpx
(
m1
d1
+
m2
d2
)
+
G
2
[
m1x1(x− x1)
d31
+
m2x2(x− x2)
d32
]
yω0
−
1
2
px
(
p2x + p
2
y
)}
, (29)
and
y˙ = py − xω0 +
1
c2
{
− xω0ω1 − 3Gpy
(
m1
d1
+
m2
d2
)
+
[
7
(
m1x1
d1
+
m2x2
d2
)
+
(
m1x1
d31
+
m2x2
d32
)
y2
]
×
G
2
ω0 −
1
2
py
(
p2x + p
2
y
)}
. (30)
In section 2 we have shown that the Jacobi constant
and the Hamiltonian satisfy the relation J = −H, thus
from (11) the Hamiltonian can be written as
H =
1
2
(
p2x + p
2
y
)
+ (ypx − xpy)ω0 −G
(
m1
d1
+
m2
d2
)
+
1
c2
{
G2
2
[(
m1
d1
+
m2
d2
)2
+
2m1m2
a
(
1
d1
+
1
d2
)]
−
3
2
G(p2x + p
2
y)
(
m1
d1
+
m2
d2
)
+ (ypx − xpy)ω0ω1
+
G
2
ypxω0
[
m1x1(x− x1)
d31
+
m2x2(x− x2)
d32
]
+
7
2
Gpyω0
(
m1x1
d1
+
m2x2
d2
)
−
1
8
(p2x + p
2
y)
2
−
3
2
Gω20
(
m1x
2
1
d1
+
m2x
2
2
d2
)
+
G
2
pyy
2ω0
(
m1x1
d31
+
m2x2
d32
)}
, (31)
and its respective Hamilton’s equations of motion are
given by
x˙ = px + yω0 +
1
c2
{
yω0ω1 − 3Gpx
(
m1
d1
+
m2
d2
)
+
G
2
[
m1x1(x− x1)
d31
+
m2x2(x− x2)
d32
]
yω0
−
1
2
px
(
p2x + p
2
y
)}
, (32)
y˙ = py − xω0 +
1
c2
{
− xω0ω1 − 3Gpy
(
m1
d1
+
m2
d2
)
+
[
7
(
m1x1
d1
+
m2x2
d2
)
+
(
m1x1
d31
+
m2x2
d32
)
y2
]
×
G
2
ω0 −
1
2
py
(
p2x + p
2
y
)
,
}
. (33)
p˙x = pyω0 −G
(
m1(x− x1)
d31
+
m2(x− x2)
d32
)
+
1
c2
{
G2m1m2
a
(
x− x1
d31
+
x− x2
d32
)
+G2
(
m21(x− x1)
d41
+
m22(x− x2)
d42
)
+
G2m1m2
d1d2
(
x− x1
d21
+
x− x2
d22
)
−
3
2
G
(
p2x + p
2
y
)(m1(x− x1)
d31
+
m2(x− x2)
d32
)
+
3
2
Gpxyω0
(
m1x1(x− x1)
2
d51
+
m2x2(x− x2)
2
d52
)
+
3
2
Gpyy
2ω0
(
m1x1(x− x1)
d51
+
m2x2(x− x2)
d52
)
7+
7
2
Gpyω0
(
m1x1(x− x1)
d31
+
m2x2(x− x2)
d32
)
−
G
2
pxyω0
(
m1x1
d31
+
m2x2
d32
)
+ pyω0ω1
−
3
2
Gω20
(
m1x
2
1(x− x1)
d31
+
m2x
2
2(x− x2)
d32
)
, (34)
p˙y = −pxω0 −Gy
(
m1
d31
+
m2
d32
)
+
1
c2
{
G2y
(
m21
d41
+
m22
d42
)
+
G2m1m2
a
y
(
1
d31
+
1
d32
)
−
3
2
Gy
(
p2x + p
2
y
)(m1
d31
+
m2
d32
)
+
G2m1m2
d1d2
y
×
(
1
d21
+
1
d22
)
+
3
2
Gpyy
3ω0
(
m1x1
d51
+
m2x2
d52
)
+
3
2
Gpxy
2ω0
(
m1x1(x− x1)
d51
+
m2x2(x− x2)
d52
)
−
1
2
Gpxω0
(
m1x1(x− x1)
d31
+
m2x2(x− x2)
d32
)
+
5
2
Gpyyω0
(
m1x1
d31
+
m2x2
d32
)
− pxω0ω1
−
3
2
Gyω20
(
m1x
2
1
d31
+
m2x
2
2
d32
)
. (35)
In order to show the equivalence between the La-
grangian and Hamiltonian equations of motion, we con-
vert the first order system of equations (32-35) into a
system of second order of the form r¨ = f(r, r˙) by dif-
ferentiating the velocities (32) and (33) with respect to
time to find r¨, and then substituting the derivatives of
the momenta (34) and (35). It is worth mentioning
that the resulting second-order differential equations
are identical to the ones derived by Maindl & Dvorak
(1994), for this reason, in all that follows we will re-
fer indistinctly to the Hamiltonian system and to the
Maindl’s equations of motion.
In figure 1, we present the numerical values of the
differences between the equations of motion derived
from the Lagrangian and Hamiltonian formalisms, in
terms of the mass parameter µ. The numerical values
of the positions and velocities (x, y, x˙, y˙) were obtained
by means of a random number generator, with c = 104
according to the PN approximation and the unit sys-
tem being used. It should be pointed out that only
in the Newtonian limit c → ∞, the Lagrangian and
Hamiltonian equations of motion are identical.
The observed differences have a mean value of the or-
der 10−15, i.e proportional to the next to leading post-
Newtonian order ∝ 1/c4, which could indicate that the
claimed differences between both approaches are due
to an inappropriate setting of the speed of light in a
given system of units. In fact, if we set c = 1 the re-
sulting differences are of the order 101. In other words,
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Fig. 1 Equivalence between the Lagrangian and Hamilto-
nian representations in the 1-PN PCR3BP. (a) Differences
for the equations of motion in x, ∆x¨ = x¨L− x¨H , (b) Differ-
ences for the equations of motion in y, ∆y¨ = y¨L − y¨H . The
subindex denotes the used formalism, i.e L for Lagrangian
and H for Hamiltonian. The parameters x, y, x˙, and y˙, were
generated randomly for each µ.
with a right setting of parameters, the Lagrangian and
Hamiltonian equations of motion are not identical but
are approximately equivalent.
5 Results
By taking the total time derivative of the Jacobi con-
stant Eq. (11),
dJ
dt
= x˙
∂J
∂x
+ y˙
∂J
∂y
+ x¨
∂J
∂x˙
+ y¨
∂J
∂y˙
, (36)
and substituting Eq. (15) and Eq. (16) into Eq. (36),
it can be shown that
dJ
dt
≈ c−4h(x, y, x˙, y˙;µ), (37)
then, the accuracy of the approximations is determined
by an appropriate choice of the constant c and can be
verified through inspection of the conservation of the
Jacobi constant.
8As far as we know, the first and only study on the dy-
namics of the 1-PN PCR3BP was performed by Huang
and Wu in 2014. However, in their work the authors
set c = 1, which would correspond to a rather extreme
system outside the scope of the 1-PN approximation.
In order to clarify the last point, in figure 2 we present
the numerical values of the total time derivative of the
Jacobi constant Eq. (36) in terms of the mass pa-
rameter µ. The values of dJ/dt using the Jacobi con-
stant together with the Hamiltonian equations of mo-
tion (Maindl & Dvorak 1994) are presented in figure 2
(a), while the results for the Jacobi constant and the
Lagrangian equations of motion (15-16) are shown in
figure 2 (b). In this two cases, the constant c was taken
as c = 1× 104. Moreover, in figure 2 (c), the values of
dJ/dt are presented for the setup used by Huang & Wu
(2014) with c = a = 1. In the three cases the numeri-
cal values of the positions and velocities (x, y, x˙, y˙) were
obtained by means of a random number generator.
The results presented in Fig. 2 suggest that the
choice c = 1 is inadequate since the Jacobi constant
of the 1-PN approximation is not conserved, leading to
spurious results on the dynamics of the system.3 Also,
it is important to note that the results obtained for Fig.
2 (a) and Fig. 2 (b) are very similar, which is obvious
if taking into account that the equations of motion are
not the same, but are equivalent.
Once we have proved that the Jacobi constant is pre-
served to a good approximation in our approach, it is
possible to analyze the dynamics of the post-Newtonian
system by means of the Poincare´ section method, i.e
the constant of motion J allows us to effectively reduce
the 4-dimensional phase space into a 3-dimensional one,
hence the Poincare´ section, which is one dimension
smaller than the considered system, permit us to an-
alyze in a straightforward manner the dynamics of the
original system in a 2-dimensional phase plane.
In Figs. 3 and 4, we show two typical Poincare´ sur-
faces of section for the Newtonian system (Panels a)
and their post-Newtonian counterpart (Panels b), using
two different values of the Jacobi constant. The equa-
tions of motion have been integrated using a Runge-
Kutta-Fehlberg 7(8) method of integration with auto-
matic step-size control. With this method, the relative
error in the integral of motion is lower than 10−9 over
a time span of 104 in the integration time. In all the
cases, we choose the condition y = 0 with y˙ < 0 to
represent the surface of sections into the (x, x˙)-plane.
3For the case c = 1 in Huang & Wu (2014), the Jacobi constant
still has higher accuracy when a = 1 and the velocity at any time
is smaller than 10−4, or when the distance a takes a larger value
(see Su et al. (2016) and Chen & Wu (2016)).
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Fig. 2 Conservation of the Jacobi constant in the 1-PN
PCR3BP using the expressions (a) derived derived from the
Hamiltonian formalism, (b) the ones derived from the La-
grangian formalism and (c) the setup used by Huang & Wu
(2014). The parameters x, y, x˙, and y˙, were generated ran-
domly for each µ.
We show in Fig. 3 an example of a Poincare´ section
using a mass parameter µ = 10−3 and Jacobi constant
J = 1.535, for six different initial conditions. It can
be observed that the results for the Newtonian (a) and
post-Newtonian (b) surfaces of section are practically
identical when the phase space is filled with definite pe-
riodic and quasi-periodic orbits. On the other hand, in
Fig. 4 we used µ = 10−3 and J = 1.6 for nine different
initial conditions, the chaotic orbits are plotted in red
9color while the regular ones are plotted in black color.
As can be noted, the transition from the classical (a) to
the post-Newtonian (b) regimes, exhibits non-negligible
variations only for the chaotic orbits. This result was
verified using different values of the Jacobi constant,
observing the same tendency.
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Fig. 3 Typical Poincare´ surface of section for the system of
Eqs. (15) and (16). We used c→∞ for the classical system
(a) and c = 104 for the post-Newtonian one (b). The other
parameters have been set to µ = 10−3 and J = 1.535. Areas
of regular motion with periodic and quasi-periodic orbits are
present in both regimes.
The main feature of chaotic orbits is the divergence
of nearby trajectories, which is reflected by the strong
dependence on initial conditions. In Fig. 5 (a), we con-
sider the evolution of two regular trajectories for the
system (15-16) using c → ∞ for the classical Newto-
nian system (in red color) and c = 104 for the post-
Newtonian one (in blue color), with initial conditions
x0 = 0.7, y0 = 0, x˙0 = 10
−4 and Jacobi constant
J = 1.535. On the other hand, in figure 5 (b) we con-
sider two chaotic orbits using the same color-coding,
with initial conditions x0 = 2.95, y0 = 0, x˙0 = 10
−4
and Jacobi constant J = 1.6. In each case, the numer-
ical value of y˙0 is determined from Eq. (11). In the
case of regular dynamics, after a long time evolution,
the classical and post-Newtonian orbits are practically
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0.0
0.2
0.4
x˙
(a)
1 2 3 4
x
−0.4
−0.2
0.0
0.2
0.4
x˙
(b)
Fig. 4 Typical Poincare´ surface of section for the system of
Eqs. (15) and (16). We used c→∞ for the classical system
(a) and c = 104 for the post-Newtonian one (b). The other
parameters have been set to µ = 10−3 and J = 1.6. Areas
of regular motion (black) coexisting with chaotic (red) ones
are present in both regimes.
indistinguishable (see Fig. 5 (a)), but for the chaotic
motion, the sensitivity to initial conditions leads to a
substantial deviation in the trajectories (see Fig. 5 (b)).
In order to clearly appreciate the separation among or-
bits, we have plotted the orbits for the interval of time
t ∈ [6900, 7000].
From the spread of the chaotic zone observed in
Fig. 4, we may infer that there exist an increase in
the chaoticity of the post-Newtonian system compared
to its Newtonian counterpart. This hypothesis will be
proved with the aid of the largest Lyapunov exponent
λmax, which measures the mean exponential rate of
divergence of nearby trajectories. Two representative
approaches for the calculation of λmax are the varia-
tional method and the two-particle method, both meth-
ods were compared by Tancredi et al. (2001), showing
that the two-particle method can lead to a false estima-
tion of a positive λmax. In the context of general rel-
ativity, the invariance of the Lyapunov exponents has
been an intense area of research (see e.g. Motter & Saa
(2009)) and some gauge invariant indicators have been
10
−1.3 −0.4 0.5 1.4
x
−1.30
−0.78
−0.26
0.26
0.78
1.30
y
(a)
−3.6 −1.8 0.0 1.8 3.6
x
−3.6
−1.8
0.0
1.8
3.6
y
(b)
Fig. 5 Evolution of classical trajectories (red curves)
and their corresponding post-Newtonian counterparts (blue
curves). The panel (a) corresponds to the superposition of
regular orbits with initial conditions x0 = 0.7, y0 = 0, x˙0 =
10−4 and Jacobi constant J = 1.535. The panel (b) cor-
responds to the superposition of chaotic orbits with initial
conditions x0 = 2.95, y0 = 0, x˙0 = 10
−4 and Jacobi constant
J = 1.6. The central dots denote the position of primaries
whose radius is proportional to its mass. The black contours
denotes the Hill region.
introduced (see Wu & Huang (2003); Wu et al. (2006);
Lukes-Gerakopoulos (2014)). In what follows we shall
use the variational method because it has been previ-
ously shown that this approach is very accurate for a
wide class of dynamical systems (Dubeibe & Bermu´dez
2014). In this case, a bounded orbit is said to be chaotic
for λmax > 0, or regular for λmax = 0.
In Fig. 6, we show a comparison of λmax in the New-
tonian (red curve) and post-Newtonian (blue curve)
regimes, for the corresponding initial conditions used
in Fig. 5. From Fig. 6 (a) the rate of divergence of
nearby trajectories shows a polynomial distribution, as
is expected for a regular system. Moreover, the loga-
rithmic plots of the average largest Lyapunov exponent
for the Newtonian and the 1-PN regimes, are exactly
alike. Finally in Fig. 6 (b), after a sufficiently long inte-
gration time, the values of λmax tend to a value greater
than zero, which undoubtedly indicate the chaoticity
of the orbits in the Newtonian (red curve) and the 1-
PN (blue curve) regimes. As can be noted, the chaotic
indicator is slightly increased for the post-Newtonian
system in comparison to the Newtonian one.
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Fig. 6 Largest Lyapunov exponent for the system (15-16)
with c → ∞ (red curves) and c = 104 (blue curves). The
panel (a) corresponds to the superposition of λmax for regu-
lar orbits with initial conditions x0 = 0.7, y0 = 0, x˙0 = 10
−4
and Jacobi constant J = 1.535. The panel (b) corresponds
to the superposition of λmax for chaotic orbits with initial
conditions x0 = 2.95, y0 = 0, x˙0 = 10
−4 and Jacobi constant
J = 1.6.
6 Conclusions
In the present paper, using the Lagrangian formalism,
we have derived an alternative new system of equations
of motion for the planar circular restricted three-body
problem at the first post-Newtonian approximation or-
der. The corresponding Hamilton’s equations of motion
were shown to be equivalent but non-identical to the
11
former system, mainly due to the truncation of higher-
order PN terms. We also have introduced two formu-
las, showing that in a binary system, the quotient of the
mean orbital velocity divided by the speed of light, must
take values of the order 10−4, in order to be consistent
with the first-order post-Newtonian approximation. As
a natural result emerges the possibility to study the
dynamics of the first-order post-Newtonian system in
terms of the separation of the primaries, as long as
the value of the total mass-to-separation ratio is ap-
proximately one (with the mass and distance measured
in Solar masses and Astronomical units, respectively).
Moreover, if the last conditions are fulfilled, it can be
concluded from the numerical simulations that the suc-
cessive approximations performed to derive the equa-
tions of motion, turn the Jacobi constant not exactly,
but approximately conserved.
On the other hand, by using the Poincare´ section
method and the largest Lyapunov exponent, we have
also studied the dynamics of the equations of motion,
where it was found that the system can be either regular
or chaotic. For specific values of the Jacobi constant
most of the orbits exhibit regular dynamics, while in the
other cases the dynamic is mainly mixed, i.e. regular
orbits embedded in a chaotic sea. None of the studied
cases showed a fully chaotic phase space.
In general, our numerical results suggest that the
first-order post-Newtonian approximation may be un-
derstood as a small perturbation of the Newtonian sys-
tem, in the sense that the post-Newtonian corrections
are of the order 10−8. Due to the properties of the
nonlinear dynamical systems, the Newtonian and post-
Newtonian orbits are appreciably different only in the
chaotic regime. As a novel property, we observed a
chaotic amplification effect, i.e. the post-Newtonian
orbits exhibit an increased chaoticity with respect to
the Newtonian ones. Our results could have significant
implications for the study of the dynamics of the Solar
System, since the characteristic timescales (Lyapunov
times) are expected to be reduced when considering the
first-order post-Newtonian corrections.
Finally, it is important to note that there is no
explicit conflict between the article of Huang & Wu
(2014) and the present paper, in fact, the results of
the present paper are complementary to those obtained
by Huang & Wu (2014). This is because the scaling
transformation together with the choice of c = 1 in
Huang & Wu (2014) is suitable for the case of a ≫ 1,
while c = 104 is suitable for the case of a = 1 in the
post-Newtonian circular restricted three-body problem.
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